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Abstract

This paper presents a numerical study of the temperature distribution in a body subjected to a spatially
exponential decaying laser source. The governing heat conduction equation, the boundary conditions and the initial
condition are presented in a dimensionless form as a function of a group of dimensionless parameters, namely, y, 7,
Bi, w, ¢1, ¢; and ¢;3. Three different sets of thermal boundary conditions imposed at the “far”” boundary, including
convection, insulated and constant surface temperature conditions are investigated in the present study. The
governing equation is discretized using a control volume approach, with a variable grid to increase the resolution of
the domain near the boundary where the laser heat source is applied. The effects of the different parameters and the
temperature dependent thermal properties are studied in detail. The calculated results are compared with previous
analytical studies for constant thermal properties obtained for both semi-infinite and finite domains. Finally, the
present numerical solutions are compared to existing experimental data. © 2000 Elsevier Science Ltd. All rights
reserved.
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1. Introduction is necessary to be able to control effectively the
induced structural changes. It is therefore important

The wuse of lasers in material processing has to understand and quantify the effects of thermal
gained significant attention in the past decade. In transport in the film structures. In particular, the
non-reactive processes, the laser beam is used to use of laser in machining operations has been stu-
modify the target material structure by local heat- died theoretically and experimentally
ing. This local heating alters the material crystalline [1,2,9,14,15,17,18,20].  An important mechanism,
structure and thus, the electrical, mechanical and called “‘explosive removal of material”, was observed
thermal properties. For reliability and consistency, it by Dabby and Paek [2]. This phenomenon occurs

when a highly localized laser energy beam paints
the exposed surface. A plausible explanation given

* Corresponding author. Tel.: +1-414-229-2307; fax: +1- by Blackwell [1] was that before phase change
414-229-6958. occurs at the surface, the location of the maximum
E-mail address: jen@cae.uwm.edu (T.-C. Jen). temperature moves inside the workpiece due to con-
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Nomenclature

B dimensionless laser source constant

Bi Biot number

c dimensionless coefficient for the reduced
thermal conductivity k

e dimensionless coefficient for the reduced
heat capacity y

) dimensionless coefficient for the reduced
heat capacity y

C, heat capacity

Iy reference laser irradiation

h convective heat transfer coefficient

k thermal conductivity

ki coefficient for the thermal conductivity k

k> coefficient for the heat capacity C,

k3 coefficient for the heat capacity C,

L length of the body

7« dimensionless length of the body

nx maximum number of nodes

q” heat source

q* dimensionless heat source

R surface reflectance

T temperature

To ambient temperature

T free stream temperature

t time

u dimensionless temperature

X spatial variable

w dimensionless energy absorption at surface

[4] matrix equal to 7 — nKAz

[B] matrix equal to 7 — (1 — n)KAt

{by} vector equal to [B]{u}"

{b.} vector associated with Dirichlet boundary

conditions

{bint} vector associated with convection bound-
ary conditions

[1] identity matrix

[K] matrix of coefficients

{0} vector of heat source

Greek symbols

o thermal diffusivity (¢ = ko/pCp,)

p laser source constant

n weighted factor for time integration

u absorption coefficient

o density

0 temperature rise above the initial tempera-
ture

T dimensionless time (Fourier number)

A increment

7 transformed spatial coordinate

1z metric of the transformation

& spatial coordinate

Subscripts

E, W, P values of the variable at nodes E, W and
P, respectively

EP average value of the variable between
nodes £ and P

WP average value of the variable between
nodes W and P

1 value of the property at node 1

nx value of the property at node nx

Superscripts

n value of the variable at time n

n—+1 value of the variable at time n + 1

vective and radiative heat losses from the surface to
the surrounding. Thus, the material under the sur-
face will melt first. If the material expands during
the phase change, explosive material removal could
occur. Blackwell [1] showed that the location of the
maximum temperature moves inside the workpiece
when the Biot number is greater than 0.05 (i.e.,
when there is efficient cooling at the surface due to
convection). Very recently, Zubair and Chaudhry
[20] discussed the fundamental problem considered
by Blackwell [1], and revisited the problem to
include the general time-dependent laser heat source.
Yilbas and Sami [19] found an analytical solution
for the case where a time-dependent laser heat
source is applied to a semi-infinite body with insu-
lated exposed surface boundary condition.

It should be noted that all previously published

studies are for the semi-infinite geometry. This is a
good assumption only when the heat penetration
depth is much smaller than the thickness of the
body. When the body under consideration is very
thin or the laser heating time is relatively large, the
heat penetration depth is no longer small compared
to the body thickness and thus, the analytical sol-
utions provided by all the above-mentioned studies
are not valid. For typical engineering applications
to laser cutting, or laser hardening of metals, the
semi-infinite body assumption may not be a good
one to make. Laser heating times, depending on the
applications, can be of the order of millisecond to
microsecond, or the equivalent of Fourier’s number
(i.e., 7, dimensionless time) of the order of 10° to
107 [1,19]. Jen and Gutierrez [8] present an analytical
solution for the finite geometry with three different sets
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of thermal boundary conditions, namely constant wall
temperature, insulated and convection, at the “far”
surface (i.e., surface far away from the laser heat input
surface). They show that the size effect plays an im-
portant role in determining the temperature distri-
bution, the maximum temperature and the location of
the maximum temperature inside the workpiece.

Most of the early studies assume constant thermal
properties throughout the domain. However, due to
the high irradiation of the localized laser heat
source, the thermal properties may change signifi-
cantly due to the large temperature gradient near
the laser heat source. Lesnic, et al. [10] solved the
non-linear heat equation for temperature dependent
thermal properties, employing the Kirchoff trans-
formation. In their approach, a constant thermal
diffusivity was assumed in order to linearize the
heat equation. This provides a limiting case where
the temperature variations in thermal conductivity
and heat capacity are a similar function of tempera-
ture. To investigate the effects of temperature-depen-
dent thermal properties for the general case, a
numerical model has to be used. It should be noted
that the analysis presented in this paper does not
include radiation losses or phase change effects. If
these effects are to be accounted for, additional
mass and conservation equations have to be solved
[18].

This paper presents a numerical study of the tem-
perature distribution in a body subjected to a spatially
exponential decaying laser source. The governing heat
conduction equation, the boundary conditions and the
initial condition are presented in a dimensionless form
as a function of a group of dimensionless parameters,
namely, y, 7, Bi, w, ¢;, ¢ and c¢3. The governing

N J
N N
. ~
Laser heat S(;urce Ny N
Iy exp(-B* 1) § Q
— P shb J
Ny ~
R N
N
N ~
N L N
Near Far
boundary boundary
x=0 x=L

a) Physical Configuration

equation is discretized using a control volume
approach with a variable grid to increase the resolution
of the domain near the boundary where the laser heat
source is applied. The influence of the different par-
ameters and the temperature dependent thermal prop-
erties on the location and the magnitude of the
maximum temperatures, as well as the local tempera-
ture distribution, are studied in detail. The calculated
results are benchmarked against previous analytical
studies for constant thermal properties obtained for
both semi-infinite and finite domains. Finally, the
present numerical solutions are compared to existing
experimental data.

2. Theoretical analysis

Consider a laser heat source applied at the surface
of a slab as shown in Fig. 1. The laser heat source is
assumed to be decaying exponentially with time and
depth into the slab material.

Allowing for temperature dependent thermal proper-
ties, the governing heat conduction equation with the
laser heat source can be written as follows [1,20]

aoT ad oT
of _ 2 (22 m X, 1
Pcpat 3x< 8x>+q (x, 1) 1)

With reference to Fig. 1(a), the surface to which the
laser heat source is applied (at x = 0) is denoted as the
“near” boundary. The other surface (at x=1L) is
denoted as the “far” boundary. In this study, the insu-
lated thermal boundary condition is imposed at the
“far” boundary, and the convective thermal boundary
condition imposed at the ‘“near” boundary. The
boundary conditions can be expressed as follows

heat generation: I, (1- R) g(B *t)pexp(—u x)

4 .

— |
Node / Node nx
(Convection (Insulated
boundary boundary
condition) condition)

b) Mathematical model

Fig. 1. Physical configuration and mathematical model.
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a—T(O, 1)+ ﬁ(TOO —T7(00,0)=0 )
0x k

=0 3)

The initial condition is assumed equal to the ambient
temperature

T(x,0) = To 4)

For a material that absorbs the laser energy internally,
the heat generation term in Eq. (1) can be modeled as
[20]

q" = I)(1 = R)g(B*1) i exp( — px) (5)

where Iy is a reference laser incident irradiation, R is
the surface reflectance, p is the absorption coefficient
and g(B%r) is the time dependent laser input. This
model assumes no spatial variation of the heat input in
the plane normal to the laser beam and also assumes
that heat diffusion perpendicular to the beam direction
is negligible [1,20].

In most of the early studies, thermal properties were
assumed to be constant. In reality, the large tempera-
ture gradient generated by this intensive laser heat
source could result in significant thermal property vari-
ations. For most engineering materials, temperature-
dependent thermal properties can be modeled as func-
tions of temperature as follows [16]:

k=ko+ki(T—-Ty) ©)

Cp = Cpy + ka(T = To) + k3(T — T’ (7

Now, if we define 6(x, f) as the temperature rise above
the initial temperature

O(x,t)=T(x,t)— Ty (8)

And the following dimensionless parameters are intro-
duced

¢ =ux T =op’t
. h ,_ B
Bi=— B = —
" on o
I(1-R) 0
"ThTe -1y T RI-R ©
kot
ki Iy(1 = R) ky I(1 — R)
(l=———> =———"
k() koﬂ Cpﬂ koﬂ

ks (10(1 - R))2
c3=————
CPn kou

Substituting the above dimensionless parameters into
the governing heat conduction equation, Eq. (1), a
dimensionless equation is obtained:

0T e e
ya_ai[;caé]—{—g(t? ) exp( — &) (10)

where x = (1 + cju) is the dimensionless thermal con-
ductivity and y = (1 4+ cou + c3u?) denotes the dimen-
sionless heat capacity. Note that ¢; is the
dimensionless coefficients of the thermal conductivity
equation and c¢; and ¢; are the dimensionless coef-
ficients of the heat capacity equation (see Egs. (6) and
(7), respectively).

It has been demonstrated previously that maximum
temperature gradients, due to the exponential decay in
laser heat absorption into the workpiece, are in a very
thin layer near the wall on the side where the laser is
applied. For this reason, it is convenient to have very
good grid resolution in this zone. In order to achieve
this, a variable grid is used. An algebraic equation is
used to transform the spatial coordinate & [5]

E=0.1y 4+ 0.90;> (11)

where y is the transformed spatial coordinate. The
modified Eq. (10)

ou , 0 [ ou 3 0u
— = —|k— | - 0183 k— + ¢* (1. 12
Ly xgax[xax] AgKaXJrq(x 7) (12)

Here y; is the metric of the transformation given by

1

_ 13
0.1+0.18y (13)

Le
and ¢*(y, 1) =g(B*1)exp[—(0.1y 4+ 0.904%)] is the
dimensionless heat generation term.

The “near” thermal boundary condition (convec-
tion) can be written in dimensionless form as follows:

Ju Bi
%5, 0D = T3 e, )

1
T (L F w0, D)w

u(0, 1)

(14)

Similarly, the “far” thermal boundary condition can
be written in dimensionless form as follows:

d
8—Z(x*, ) =0 (15)

The initial condition can be expressed in dimensionless
form as:
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u(y,0)=0 (16)

It is worth noting that if constant thermal properties
are assumed, ¢y, ¢; and ¢3 will be equal to zero. In this
case, the governing equation becomes linear and ana-
lytical solutions can be obtained [8].

The solution of Eq. (10) can be expressed in the
form

u :f(x, T, Bi, w, ¢y, ¢, c3, g(BQ‘L')) 17)

Note that the parameter w only appears in the convec-
tion boundary condition. In general, this parameter is
usually very large and its influence is negligible. It is
important to point out that the solution is strongly
dependent on the laser input profile. In the numerical
model the laser input profile is easily specified through
the heat source term in the governing equation (i.e.,
Eq. (12)). For a continuously operating laser source of
constant strength, g(B>1) is equal to one, and the func-
tional form of the solution for a particular Bi becomes

u = f(x 1, c1, €2, €3) (18)

If our interest is in maximum or surface temperatures
for a given Biot number and a specific laser input, the
functional relation is not a function of y and can be
written as:

Umax :f(fa C1, €2, C3)
or

Ugurf :_f(f, C1, C2, 63) (19)

Another case of interest is the relation between surface
temperature as a function of the Biot number for the
linear case (cj, ¢; and c¢3 are zero). In this case the
functional relation can be written as

Uy = Az, Bi) (20)

These cases will be studied in detail.

3. Numerical formulation for the non-linear case

In the numerical analysis presented below, a control-
volume based method is used. As presented by Patan-
kar [13], this method can be formulated to account for
temperature-dependent thermal properties. The formu-
lation is presented in a compact matrix form. In this
formulation the implementation of the boundary con-
dition as well as the method for time integration is per-
formed very easily. In order to maintain second order
accuracy in space, the central difference method is used
for the diffusion term as follows:

V2 %| — (2 %|
du ('QK>EP8}5£P (X5K>WP81 e

e Ay

3 U — Uw *
—0.18M72AX +q; (21)

using central differences again for the spatial derivative

w WP EP E

Ay —+

du (X%K)Ep(ug —up) — (/EK) WP(uP —uw)

ypa - A)CZ
0.9}{3:KAX(ME — uw) .
— ¢ Ap +q; 22)
grouping in the following way
ou ( )
), }
v AA
( ) 9
E(1+0.97er)uw + - (23)
p

naming the coefficients of the nodal temperatures as
follow

(24,

Kg = T(l —0.97:x)
(e,
700

q
W= A2 E(140.97:x) Q _i (24)
a matrix form is obtained
— =[Kl{u} + {0} (25)

The more general difference scheme for time inte-
gration is given by the following expression:

W ="+ (1= )" At + i AT (26)

where # is a weighting factor, varying from zero
to unity. The time derivatives may be eliminated by
substituting  {&"} = [K]"{t"} + {Q}" and similarly
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{1y = [KI"* {1y + {Q)"". Now, plugging Eq. (26)
into Eq. (25) and rearranging in a more convenient
form yields

(I— n[K]"+IAr>{u"+1}

= (I+ Q1 = nIKI"At){u"} + A‘c((l )

< {o)'+o)"™") @7
By writing
(A1 = 1 — KT Ac (28)
[B]'= I+ (1 — n)K]"Ac (29)
and
{QAT}<”:1)= (1 —mf{o}) At +n{o)" A (30)

it is obtained

n+1
[A]n+1{u}n+1: [B]"{u}’7+{QA’[}( ;; ) (31)

Note that #" is known from previous computation (or
from the initial condition if this is the first time step).
Then, the product [B]*{u}" can be written as the vector

{b}'=[BI"{u}" (32)

The system of algebraic equations to be solved at each
time step is

n+l
[A]71+1{u}n+l: {b}”_|_{QAT}( n ) (33)

It should be pointed out that the matrix [4] and the
vector Q At are not constant as they are in the linear
case. They are functions of the dimensionless thermal
properties x and y at the current time step. Iterations
are needed at each time step to update the matrix [A4]
and the vector Q At until convergence is reached.
After this, we can proceed to the next time step and
repeat the procedure.

For n = 0.5, the discretized equations are equivalent
to the Crank—Nicholson scheme, and thus, second
order accurate in both time and space and uncon-

0.1

0.08

0.06

less Surface Temperature

g

imension

0.02

D

1=0.02

L 'l A 'l

0 1 2 3 4 5 6

L 'l 'l
8 9 10 11 12 13 14 15

Biot Number

Fig. 2. Dimensionless surface temperature vs. Biot number.
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Table 1
Grid convergence test
1 er="T1=0 % 100 en =111 % 100 em =111 5 100
nx = 100 At=0.001 nx = 200 At=0.0005 nx = 400 At=0.00025
0 0.41% 0 —0.15%
0.4 0.52% 0 —-0.27%
0.8 0.45% 0 —0.23%
1.2 0.31% 0 —0.12%
1.6 0.27% 0 —0.10%
2 0.15% 0 —0.08%
ditionally stable. This scheme will be used through- terms in the coefficients A'(’ff 11), Af’l* 12), BZ’I+ 11), Bﬁ* '2) pre-

out this study.
3.1. Implementation of convection boundary conditions

The convection boundary condition introduces new

viously calculated and an additional vector {bj}
appears in the right-hand side of Eq. (33). This vector
is zero everywhere except at node 1 where the convec-
tion boundary condition is defined. Using forward
differences for the boundary condition at y =0 [12]

0O 02 04 06 08 1 12 14 16 18
i Bi=5 BZ=0 ?
0.06 - c,=30 ¢,=0 ¢,=0 . 0.06
i ——8—— Linear case
I — —I— — Non-linear case |
0.05 0.05
o - ]
=
o !
é 0.04} 0.04
£ _
-
ﬁ 0.03 | J0.03
2 _
S
(7]
o 1
£ ‘
£ 0.02 0.02
[a) B e S K
001}
O —‘ ey . .. . 4. ... ¢£ ., ¢, ¢ 6 0 . . ... ... 0
0 02 04 06 08 1 12 14 16 18
A= UX

Fig. 3. Temperature profile for a positive dimensionless coefficient ¢; associated with thermal conductivity.
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2AT Bi Xe
An+1 — AVH—I _"_n ¢ (34)
(1,1 (I, 1 AXVV;’+1
n+1 n+1
Ay =243 (35)
n . 2At Biy;
Bi,y=84—-0 —VI)W (36)
Bii"y) = 2B{) ) (37)
n+l
b( 7) 2, (- | 1
nf (1) = A — T o (38)
wAy Y v

3.2. Implementation of insulated boundary conditions

As a consequence of the insulated boundary con-
dition at node nx, using backward differences at y = L,
the coefficients 4! 1) and B” ) are changed to

(nx, (nx, nx—

+1 _ +1
Azlnx, nx—1) — ZAEInV, nx—1)
B?nx, nx—1) = 2B(nnx, nx—1) (39)

Finally, in matrix form we obtain

n+1

[AV*%ur”*z{b}W+{QAr}(” )+bcjd> (40)

inf
where the coefficients of the vectors [A]"*D, (b},

n+1 n+l1 . .
{QA‘L’}( n ) and {by}' n ) are as described previously.
3.3. Convergence test

The solution of the system given by Eq. (40) is
obtained iteratively. Matrix [4] is evaluated based on
the temperatures at the iteration n + 1. Since tempera-
tures at the advanced iteration step are unknown,
matrix [A] is initially computed based on the tempera-
ture at the current iteration. Eq. (40) can then be
solved to obtain an updated value for temperature.
This procedure is repeated until convergence. Differ-

0O 02 04 06 08 1 12 14 16 18
i Bi=5 B’=0 j
0.07}  4c=0.100 c,=15 ¢,=0 c,=0 10.07
| PR ——a—— Linear case :
006F / \q\ — —— — Non-linear case 40.06
g [ ]
= I ]
£ 005} 10.05
8
5 ? :
~ 0.04 0.04
[/} I ]
(7]
k] f ]
c T ]
2 0.03 0.03
[7] - ]
c
[
E ol ~
a 0.02f 0.02
0.01} 40.01
0 i e L PR | M 1 [l [l FETUITEE ENE 0
0O 02 04 06 08 1 12 14 16 18
X=RX

Fig. 4. Temperature distributions for constant laser heat source temperature profile for a negative dimensionless coefficient ¢; as-

sociated with thermal conductivity.
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Fig. 5. Effect of coefficient ¢; at the surface temperature.

ences in maximum temperatures were used to check
this convergence. The error ¢ between two maximum
temperatures corresponding to consecutive iterations n
and n — 1 are defined as:

e = |Tmax,n - Tmax,n71| « 1000/0

Tmax, n

This error must be less than the specified tolerance. In
this study the tolerance was set equal to 1%. To test
grid convergence, the time step At and the number of
nodes in the space coordinate y was was refined from
(0.001, 100) to (0.00025, 400). It can be seen from
Table 1 that the maximum error was less than 0.5%.
This test was run for 1 = 0.1 and Biot number equal to
5. From numerical experiments, the grid convergence
is seen to be only weakly dependent on the Biot num-
ber and the value of 7 is the more exigent condition
from the convergence point of view. Based on the grid
convergence test, a time step size of 0.0005 and 200
nodes were used for the calculations presented in this
work.

4. Results and discussions

In the numerical study presented here, a constant
heat source has been assumed (g(B?y) =1). The pri-
mary interest in this work is in the effect of non-linear-
ity due to temperature dependent thermal properties.
Fig. 2 shows the relation between surface temperatures
and Biot number for the linear case (i.e., ¢i, ¢; and c¢3
are zero and &, = 1) for different dimensionless
times. It is seen from the figure that the effect of
increasing Biot numbers above 10 give a small tem-
perature reduction (less than 10%) at the surface. This
is because the heat diffusion rate approaches a limiting
value as the Biot number becomes larger at the “near”
boundary. For Biot numbers of this order, a reduction
of surface temperature by approximately 60% is seen
for 7 = 0.1 compared to the insulated surface condition
case (Bi=0). In the following parametric studies,
unless stated otherwise, a Biot number equal to 5 has
been used. Increasing Biot number beyond a value of 5
results in a marginal reduction in maximum tempera-
ture. Physically, this means that the increased cost as-
sociated with increasing cooling at the boundary is not
offset by a reduced maximum temperature.
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In the sections that follow, the effect of non-linearity
due to temperature dependent thermal property, as
represented by the dimensionless coeflicients ¢, ¢; and
3, is analyzed in detail. Figs. 3 and 4 show the effect
of the coefficient ¢; (associated with thermal conduc-
tivity), for a Biot number equal to 5 and ¢; = 30 and
¢; = —15, respectively. These values of ¢ are represen-
tative typical engineering materials (noting that nega-
tive ¢; values are valid only for limited ranges of
temperature since thermal conductivity cannot become
negative). In these figures, dashed lines with triangular
symbols represent the case with variable thermal prop-
erties (non-linear case) and solid lines with square sym-
bols denote the case of constant thermal properties
(linear case). In Fig. 3, the parameters are
¢ =30,¢,=0, and ¢3 =0. Since ¢; is greater than
zero, the thermal conductivity increases as temperature
increases. From the figure, it is observed that surface
temperatures for the linear case are lower than for the
non-linear case, although the maximum temperatures
present in the slab are higher for the constant thermal
property case. This can be explained as follows: when
the laser heat source starts to act on the material, the
heating process starts. A large temperature gradient is

generated in the vicinity of the “‘near” boundary. For
the non-linear cases, this, in turn, increases the local
thermal conductivity at the wall. Therefore, the ther-
mal conduction resistance inside the solid slab becomes
smaller, thus the convection resistance at the ‘“near”
boundary becomes larger. As one would expect, the
surface temperature for the non-linear cases is thus lar-
ger than for the linear cases. It is instructive to point
out the significant role of the non-linearity at the
“near” boundary where a convection boundary con-
dition is imposed. If we carefully examine this dimen-
sionless “‘near’”’ boundary condition, given by Eq. (14),
a modified Biot number can be defined as follows:

Bi

~ (Tt e “

Bi,m

When the temperature increases, this modified Biot
number, Bi, m decreases due to the positive value of
the coefficient ¢;. This implies that less heat is con-
vected away from the “near” boundary (i.e., smaller
Biot number). This explains why surface temperature
for the non-linear cases is larger than the linear cases,
even though the resulting thermal conductivity is

L L ) ) L L 0-07

007 L L} L) L] L] L
A Bi=5 ]
0.06 |- —0.06

) B ©=0.100 ]

=]

8 [ y

g 0.05 \ —0.05

g i 1=0.075 i

= - .

§ 004t —10.04

% T = 0.050 ]

g -

@ 0.03 ~ —0.03

-q—> - -

s I =0.025 -

® 0.02 ki —0.02

[ B -

£ C ]

o n i
0.01} —0.01
OOO B Il [ 1 1 Il 'l ' 'l 'l [ 'l 'l 'l 'l ]

“15-10 5 0 5 10 15 20 25 30 35 40 45 50 55 60

Coefficient c,

Fig. 6. Effect of coefficient ¢; on the maximum temperature.
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Fig. 7. Temperature profile for a positive dimensionless coefficient ¢, associated with heat capacity.

higher for the nonlinear cases. For maximum tempera-
tures, the lower temperatures for the nonlinear cases
are simply because the thermal conductivity is greater
for positive ¢; values.

Fig. 4 shows the case for a negative ¢;. In this figure,
the parameters are ¢; = —15,¢; =0 and ¢3 = 0. Since
¢y is less than zero, thermal conductivity decreases as
temperature increases. In comparison to the cases with
positive ¢y, the results are dramatically different. Since
thermal conductivity decreases with temperature, maxi-
mum temperatures are higher for the non-linear cases,
as seen in Fig. 4. However, surface temperatures are
higher for the linear cases. These trends are opposite
to that for the positive ¢; case. This can be explained
by revisiting Eq. (41). The modified Biot number, Bi,
m, increases as the surface temperature increases. This
is due to the negative value of the coefficient ¢, as
seen in the numerator of Eq. (41). It is observed from
Fig. 4 that the surface temperature approaches a limit-
ing value as time increases. This is because, for increas-
ing time (increasing temperatures) the heat diffusion
rate may reach its limiting value when the modified
Biot numbers increase in value at the “near” boundary
due to the negative value of ¢;. Thus, maximum tem-

peratures have to increase because less heat can be
removed from the “near” boundary and further heat
penetration into the material is hindered by the lower
thermal conductivity. In this case, the effect of variable
thermal conductivity contributes to a more efficient
explosive removal of material. Blackwell [1] gave an
explanation for this phenomenon. He explained that as
the material attains its maximum temperature, the
phase change occurs inside the body instead of the
exposed surface and the resulting material expansion
produces the explosive removal.

Figs. 5 and 6 depict the effect of coefficient ¢; on the
surface and maximum temperatures respectively. The
Biot number is 5. The ¢; values were chosen to vary
from —15 to 60, a very wide range representative of
most of the typical engineering materials from plastics
to metals. In Fig. 5, it is seen that for larger negative
values of ¢, the surface temperature approaches a lim-
iting temperature as time increases. For increasing
positive values of ¢;, the curves become flatter because
the temperature gradients decrease and temperature
profiles becomes more uniform. For a given time level,
the surface temperature approaches a limiting value
for increasing values of c¢;. This is because as ¢
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increases, the modified Biot number approaches zero,
i.e. the insulated boundary condition. Fig. 6 shows the
maximum temperatures for various ¢; values at differ-
ent times. For fixed time, it can be seen that maximum
temperature decreases for increasing c¢;, to an asymp-
totic value. The behavior at large of ¢; is a reflection
of the fact that heat diffusion at the “near” boundary
reaches its limiting value.

The non-linear effect of heat capacity on tempera-
ture distribution is shown in Fig. 7. In order to clearly
demonstrate the effect of heat capacity, the value of ¢,
is set zero. The temperature-dependent heat capacity is
represented by the coefficients ¢, and c¢3. In most of
the parametric studies investigated (not shown), it is
observed that the effect of c3 is relatively unimportant
in comparison to ¢;. Thus, in the presentation below,
the discussion is concentrated on the effect of coef-
ficient ¢;. Dashed lines with triangular symbols rep-
resent the case with variable thermal properties and
solid lines with square symbols denote the case with
constant thermal properties. It is seen from the figure
that, as one would expect, the temperatures for the
variable heat capacity cases are smaller than for con-
stant heat capacity cases. This is because the heat ca-

pacity increases for increasing temperatures (c; is
positive). More energy is required to raise the tempera-
ture of the body. If we examine the governing equation
for this particular case (i.e., k = constant), by dividing
the temperature dependent thermal capacity for both
side, i.e.,

aT k0T  ¢q"(x,1)
ar ~ pC,ax2 pC,

(42)

We can see from this equation that the thermal diffu-
sivity and the heat source intensity decreases as the
temperature increases. Thus, this results in a decrease
in temperature for variable thermal capacity cases

Figs. 8 and 9 depict the surface and maximum tem-
perature as a function of ¢; with ¢; and c¢3 set equal to
zero. In these cases, for increasing ¢,, both surface and
maximum temperature decreases. This can be
explained again from Eq. (42) as mentioned above. It
is worth noting that unlike the situation with ¢, ¢;
does not play any role in the convection boundary
condition.

A specific case study simulating an actual material
has been performed and presented in Fig. 10. The ma-
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Fig. 8. Effect of coefficient ¢, on the surface temperature.
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terial chosen is a sheet of polymethyl methacrylate
(PMMA) of 1 mm thickness. The properties of the ma-
terial are as follows: ky = 0.19 W/(m K), p = 1180 kg/
m?, C,=1500 J/(kg K), p=5x10*m™', softening
temperature 400 K, and glass transition temperature
378 K. The time of application of the laser beam is
1073 s. The intensity of the source is Io(l1 — R) =
3 x 107 W/m?. Under this condition the maximum ¢ is
50 (5 x 10*m~! x 10~ m). However, it is observed in
numerical experimentation that for ¢ > 5, the solution
coincides with the analytical solution for the semi-infi-
nite domain given by Blackwell [1], at least during the
time of application of the laser beam. This means that,
for a thickness of 1 mm, the far boundary condition is
not felt at all and a value of & =5 can be used in the
numerical computation. Values of k/kg = —1073 K!

Table 2
Thermal properties of the material used in the computation

and ky/C,, =3 x 1073 K~' are assumed [3]. A heat
transfer coefficient of 3000 W/(m? K) is used (note that
a heat transfer coefficient of this magnitude can be
obtained, for example, with an air gas jet velocity of
300 m/s). With these values, the calculated dimension-
less parameters are t=0.27, Bi=0.316, ¢, = —3.16
and ¢; =9.48. From Fig. 10 it is seen that the maxi-
mum dimensionless temperature for the non-linear case
is 0.125 (624 K, higher than the softening temperature)
for 7 =0.27 and occurs at ¢ =0.15, that is, at 3 pm
from the wall. Due to the thermal expansion effect, an
explosive removal of material could occur. From Fig.
10, it is seen that the effect of coefficient ¢, is dominant
and the non-linear model predicts lower temperatures
even though the coefficient ¢; is negative. In contrast
to this, if a linear analysis is performed, the predicted

Material ko (W/(m K)) ki fko (K1) Cp (/(kg K)) ka/Cpy (K™
PMMA 0.19 —1073 1500 3x 1073
Stainless steel 15.1 9.7 x 107* 480 3.75 x 10~
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temperatures are usually higher and the explosive ma-
terial removal will not necessarily occur.

To further verify the model predictions, the present
numerical solution is compared with the existing exper-
imental data from Yilbas [18]. In Yilbas’ work, an Nd
YAG laser with output energy of 15-30 J at 1.2-2.7
ms pulses was employed to irradiate a 1 mm thick
stainless steel sheet. Stainless steel thermal properties
used in the analysis are obtained from Incropera and
Dewitt [7] (i.e., ko = 15.1 J/(m K), p = 8055 kg m >,
and C,, =480 J/(kg K)). The absorption constant, u,
is chosen to be 10’ m~! [1]. The reflectivity for the
stainless steel changes from 0.1 to 0.3, thus an average
value is used, i.e., R = 0.80 [11].

The temperature dependent thermal properties used
in the computation of Figs. 10 and 11 are approxi-
mated using the following fitted equations:
k= ko(l + ki /ko6) Cp = Cp (1 4+ k2/Cp,0)
where ko, ki, Cp, and k, are given in Table 2.

Yilbas [18] measured the workpiece temperature
using two photodetectors. The laser heating time is of
the order of 50 ps and the data were sampled at 5 ps

G. Gutierrez, T.-C. Jen [ Int. J. Heat Mass Transfer 43 (2000) 2177-2192

intervals. Two data sets, corresponding to 0.4 x 10'!
and 0.6 x 10'" W/m?, were presented from their exper-
iment. These results are compared to the present nu-
merical model as shown in Fig. 11. It can be seen that
the agreement with the experimental data is reasonably
good for the linear case except for the lower laser
intensity input case (ie., Jp = 0.4 x 10 W/m?). It is
seen that better agreement is observed for the non-lin-
ear cases for both intensities except at smaller time.
This may be due to the reason that at smaller time the
parabolic heat conduction equation may not be valid,
and a hyperbolic heat conduction (HHC) model may
be more appropriate [4,6]. Furthermore, the effects of
ablation of the material [18] and the experimental
uncertainty may also contribute to the discrepancies.

5. Conclusions

A numerical study of temperature distribution sub-
ject to a laser heat source is presented. At the “near”
boundary condition, a convection thermal boundary
condition was imposed. A numerical code based on
Crank—Nicholson scheme is developed to study the
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effects of temperature dependent thermal properties.
The effects of non-linearity are studied through the
dimensionless coefficients ¢; associated with thermal
conductivity and ¢, and c¢3 associated with heat ca-
pacity of the materials. For positive ¢;, the surface
temperature increases and the maximum temperature
decreases in comparison to the linear case. For nega-
tive ¢; the effect is reversed. The effect of a positive ¢,
is to decrease temperatures because more energy is
needed to increase the temperature of the body for
increasing heat capacity coefficient. At high tempera-
tures the effect of non-linearity is more apparent and
cannot be neglected. The temperature profile can
change its shape and magnitude depending on the rela-
tive importance of coefficient ¢; (associated with ther-
mal conductivity) and coefficient ¢, and ¢; (associated
with heat capacity).

Comparison with experimental data shows better
predictions for higher temperatures, as one would
expect. The relatively good agreement between the
model that has been developed and experimental data
indicates that a one-dimensional conduction model can
predict reasonably well the temperature distribution in
the material.
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